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ABSTRACT: This study focuses on the contribution of repulsive electrostatic interaction between
glycosaminoglycan (GAG) molecules in cartilage to the shear properties of the tissue. We first measured
the equilibrium and dynamic shear moduli of cylindrical disks of cartilage at varying ionic concentrations
(0.01-1.0 M NaCl). We then used a molecular model of GAG electrostatic interactions that would occur
during macroscopic shear deformation to predict the dependence of the shear properties of cartilage on
the ionic strength of the bath. The molecular model of GAG interaction was based on approximating
GAG segments as charged rods, i.e., the unit cell model and then changing the shape of the unit cell in
a manner consistent with the macroscopic shear deformation. The Poisson-Boltzmann equation was
incorporated into the unit cell model (PB unit cell) to predict physical phenomena such as the change in
electrical potential and mobile ion distribution caused by macroscopic shear deformation and changes in
bath ionic concentration. The nonlinear PB equation was solved numerically using finite element methods
(FEM) within the unit cell. The electrostatic free energy was calculated from the numerically obtained
electrical potential and the associated mobile ion distribution, and the electrical contribution to the
equilibrium shear modulus was obtained using an energy method. Using physiologically relevant values
for the GAG concentration and the nonelectrical contribution to the shear modulus (the two adjustable
parameters of the model), the theory predicted the observed dependency of the equilibrium shear modulus
on ionic concentration rather well. These results confirmed the validity of the proposed model of the
GAG interactions under pure shear deformation and, accordingly, the important role of electrostatic
interactions to the shear stiffness of cartilage extracellular matrix.

Introduction
Glycosaminoglycans (GAGs) are polymers of disaccharides that contain alternating sequences of glucuronic acid (GlcA) and either N-acetylglucosamine
(GlcNAc) or N-acetylgalactosamine (GalNAc). The family of GAG molecules, including hyaluronic acid (HA),
chondroitin sulfate (CS), keratan sulfate (KS), and
heparan sulfate (HS),1 plays an important role in the
mechanical and transport properties of extracellular
matrix (e.g., CS, HA)2 and in cell surface ligand binding
interactions (e.g., HS).3 For example, chondroitin sulfate
GAG (CS-GAG) contains on the average one negatively
charged carboxylate and sulfate group per disaccharide
which is completely ionized under physiological pH
conditions. Therefore, the high negative charge density
and associated electrical repulsion between CS-GAGs
play an important role in electromechanical and physicochemical interaction within biological tissues such as
cartilage.
The role of electrical repulsive interactions is particularly critical in articular cartilage, a tissue that
covers the ends of bones in synovial joints, providing
compressive and shear stiffness during the relative
motion of opposing joint surfaces. The compressive
resistance of cartilage is mainly due to highly charged
CS-GAGs (Figure 1C) which are attached to a core
protein, forming the proteoglycan called aggrecan (Figure 1B). Aggrecan molecules, in turn, bind noncovalently to long hyaluronic acid (HA) chains, forming
supramolecular proteoglycan aggregates (Figure 1A)
which are enmeshed within a resilient collagen network.
* To whom correspondence should be addressed: Tel (617) 2535892; Fax (617) 258-5239; E-mail msjin@mit.edu.

At physiologic pH, the properties of the collagen fibrils
do not change significantly with ionic strength in the
range 0.01-1.0 M.4,5 Therefore, the mechanical properties of cartilage can be modeled in terms of two distinct
electrical and nonelectrical contributions. Electrical
contributions to the mechanical properties of cartilage
are mainly associated with the electrostatic repulsive
forces between CS-GAGs. In contrast, nonelectrical
contributions to cartilage properties are associated with
the resilience of the electrically neutral collagen fibrils
as well as the elastic forces due to the steric and entropic
effects induced by volumetric deformation of GAG and
other matrix macromolecules.
Often the definition of free energy provides a way to
derive macroscopic constitutive material properties such
as compressive and shear moduli.6 Intermolecular interactions and intramolecular conformational changes
have been explained by using the free energy function.7
In cartilage, the electrostatic free energy is mainly
associated with the charged GAG constituents and
depends on the chemical environment (e.g., the pH and
ionic concentration), temperature, and mechanical deformation, which can modulate the fixed charge density.
However, the nonelectrical free energy depends on
mechanical deformation, volume change, and temperature and not on the chemical environment such as ionic
concentration and small pH changes around 7.0.
The Poisson-Boltzmann (PB) mean field theory has
been used to model electrical properties of polyelectrolytes and colloidal systems containing charged macromolecules within electrolyte solutions. For example, the
osmotic swelling pressure of proteoglycan solutions8 has
been modeled quantitatively using the PB equation. The
GAG constituent has been modeled as a cylindrical rod
with a surface charge, and the geometry of the sur-

10.1021/ma0106604 CCC: $20.00 © 2001 American Chemical Society
Published on Web 10/11/2001

Macromolecules, Vol. 34, No. 23, 2001

Glycosaminoglycans

8331

Figure 1. The cartilage supramolecular proteoglycan aggregate (A) consists of proteoglycan monomers called aggrecan (B) which
are noncovalently attached to hyaluronic acid (HA) molecules. Aggrecan, in turn, consists of glycosaminoglycan chains covalently
attached to a core protein (B). The chondroitin sulfate GAG chains (C) of aggrecan are mainly responsible for the compressive
stiffness of cartilage through electrical repulsion interactions. On the average, CS-GAG disaccharides have one carboxylate and
sulfate group which are negatively charged at physiologic pH. Parts A and B are adapted from the literature.33,34

rounding unit cell structure was based on experimental
measurements.9 Furthermore, the GAG unit cell model
was extended to estimate the contribution of GAG
electrostatic interactions to the compressive stiffness of
cartilage.9 In this study, we focused on the contribution
of GAG electrostatic interaction in determining the
shear stiffness of a material like cartilage. The role of
GAGs in the shear properties of articular cartilage has
been previously described as inflating the collagen
network, causing a tensile prestress that enables the
collagen-aggrecan matrix to resist shear deformation.10-13 Previous studies showed that cartilage shear
modulus changed significantly after extraction of aggrecan11 and that increased ionic strength could decrease the shear modulus inferred from the measurement of compressive modulus at confined compression
tests.13 However, there has been little theoretical or
experimental study of the possible mechanisms by
which GAG electrostatic interactions may contribute
directly to the tissue shear stiffness and the importance
of this contribution compared to that of other nonelectrical interactions.
In this study, we first performed experiments to
measure the equilibrium and dynamic shear stiffness
of cartilage under torsional shear deformation at varying bath ionic concentrations. Experimental results
showed a significant change in the measured shear
modulus with changes in ionic strength between 0.01
and 1.0 M. We hypothesized that any dependence of the
shear modulus with ionic strength comes from the GAGassociated electrical interactions, which are supported
by means of the tissue’s collagen network. However,
using a macroscopic model of a polyelectrolyte system
such as the Donnan model, the electrostatic free energy

should be constant under torsional shear, since this
deformation does not induce any volume change and
therefore no change in fixed charge density. Therefore,
it was hypothesized that rearrangement of GAG molecules at a microscopic scale could provide increased
resistance to shear deformation and increased shear
stiffness with decreasing salt concentration. Using a PB
unit cell model of GAG electrostatic interactions under
shear deformation, we calculated the change in the
electrical contribution to the equilibrium shear modulus
at each ionic concentration. To account for the nonlinearity of the PB equation and the geometry of the model,
we used the finite element method to solve the electrical
potential and mobile ion distribution. From this calculation, the electrical contribution to shear stress was
obtained by differentiating the electrostatic free energy
with respect to the shear deformation. Finally, the
electrical contribution to the equilibrium shear stiffness
was calculated from the slope of stress vs strain, and
the resulting shear stiffness was compared to the
experimental measurements.
Experimental Section
Cartilage disks (9.65 mm diameter by 1 mm thick) were
obtained under sterile conditions from the femoropatellar
groove of 1-2 week old bovine calves as previously described14
and maintained in living organ culture for 1-3 days until
testing (DMEM + 10% fetal bovine serum). Prior to measurement, cartilage disks were equilibrated in 0.15 M NaCl
solution up to 30 min. The disks were then placed in the base
of a Plexiglas chamber filled with a 0.15 M NaCl bathing
solution. The base chamber was placed in the bottom grip of
a specially designed biaxial rheometer capable of applying
axial deformations as small as 1 µm and sinusoidal rotations
as small as 0.001°.14 An upper aluminum platen fixed to a
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Figure 2. Cartilage disks (9.65 mm diameter by 1 mm
thickness) were placed in the center of the Plexiglas base
chamber filled with NaCl solution at room temperature. An
upper aluminum platen attached to a torque cell was used to
apply a 10% compressive offset strain to the specimen. Fine
grit sandpaper glued to the base and upper platen made
contact with top and bottom cartilage surfaces to prevent
slippage between the specimen and apparatus. Equilibrium
and dynamic shear modulus were measured at NaCl bath
concentrations varied sequentially from 0.15, 0.05, 0.01, 0.5,
to 1.0 M NaCl.
torque cell (Figure 2) was used to apply a 10% compressive
offset strain to the specimen. After mechanical and chemical
equilibration was achieved in this state (∼15 min), torsional
deformation was applied by rotating the bottom chamber with
respect to the top platen, and the resulting torque was
measured by the torque cell. From the measured torque and
applied torsional deformation, the shear strain, γ, and shear
stress, τ, were calculated as γ(r) ) θr/h and τ(r) ) Tr/I, where
θ is the angular deformation, r is the radial distance, h is the
height of the disk, T is the measured torque, and I is the polar
moment of inertia (I ) πR4/2, R is the radius of the disk). Fine
grit sandpaper glued to the base and upper platen was used
to prevent slippage between the specimen and these platens.
For measurement of the equilibrium modulus, a ramp-andhold shear strain of 1.5% was applied, resulting in an initial
increase and subsequent relaxation of the shear stress (Figure
3A). This sequence was repeated four times, and the slope of
the relaxed equilibrium stress and strain was used to compute
the equilibrium modulus. After returning the specimen to 0%
shear strain, a 0.8% amplitude sinusoidal shear strain was
applied at 0.5 Hz (Figure 3B). The magnitude of the dynamic
shear modulus was calculated as G ) |τ|/|γ|. The shear stress
and strain signals were continuously recorded by a computer,
and a discrete Fourier transform (DFT) was implemented to
calculate the amplitudes of the fundamental and higher order
harmonics and the total harmonic distortion (THD, defined
as the ratio of the square root of the summed squares of the
higher order harmonic amplitudes to the amplitude of the
fundamental). The THD was typically e2%, and the phase
angle between the stress and strain fundamentals was also
calculated. This sequence of equilibrium and dynamic shear
tests at 0.15 M NaCl was then repeated sequentially after
reequilibration in 0.05, 0.01, 0.5, and 1.0 M NaCl, and
corresponding moduli were calculated at each concentration.

Theory
Unit Cell Model. The cylindrical unit cell model of
a linear polyelectrolyte surrounded by aqueous electrolyte has been widely used to characterize intermolecular
interaction, incorporating the Poisson-Boltzmann equation to calculate the electrical potential and mobile ion
distributions9,15,16 within the unit cell. At a microscopic
scale, GAG molecules in cartilage are randomly oriented
so that the contribution of electrostatic interactions to
the tissue’s macroscopic properties can be approximated
to be isotropic (often called statistically isotropic17) and
homogeneous. Moreover, the GAG molecule can be
modeled as locally rigid even though its global structure
is flexible.18 Therefore, the average interaction between

Figure 3. (A) Transient stress-strain tests were used to
measure the equilibrium shear modulus. Shear strain was
applied as a ramp-and-hold to each final strain increment of
1.5%, causing an initial increase and subsequent relaxation
of shear stress by approximately 10 min after application of
strain. Initial 10 s of stress and strain data from the first
transient are expanded to show the detail. The relaxed stress
vs strain values were used to compute the equilibrium shear
modulus. (B) Dynamic shear stiffness was assessed by applying
a dynamic shear strain of 0.8% amplitude at 0.5 Hz (0% offset
shear strain). A discrete Fourier transform (DFT) was performed to calculate the amplitude and phase of the dynamic
stress and strain fundamentals and higher order harmonics.
Additionally, the total harmonic distortion (THD, see text) was
calculated to monitor any distortion in the input (strain) and
the response (stress).

neighboring GAG segments was modeled using the PB
unit cell, and the GAG segment was approximated as a
cylindrical rod having a known surface charge density
(Figure 4A). The intercharge distance (b) and the radius
(a) of CS-GAG have been reported previously from
experimental and structural studies8,19,20 to be b ) 0.64
and a ) 0.55 nm. The unit cell radius, R, is a function
of GAG concentration within the tissue:

R)

(

Mcs
2πbNCGAG

)

1/2

(1)

where N (Avogadro’s number) ) 6.02 × 1023/mol, Mcs )
458 g/mol is the molecular weight of an ionized CS-GAG
disaccharide, and CGAG is the GAG concentration in
g/m3. An isotropic compressive deformation, for example,
will decrease the unit cell radius (R) by increasing CGAG
according to eq 1.
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Figure 4. (A) CS-GAG segment was modeled as a charged
rod, and its radius (a) and the intercharge distance (b) were
set to be 0.55 and 0.64 nm, respectively. The unit cell radius,
R, is determined from GAG concentration within the tissue.
(B) The effect of the torsional shear deformation (I) on the unit
cell within cylindrical tissue is equivalent to that of pure shear
deformation (II) on the unit cell within plane stress element,
deforming the circular cross section of the unit cell boundary
(III) into an ellipsoid (IV).

The effect of torsional shear strain on the unit cell
geometry can be approximated to deform the circular
cross section to that of an ellipsoid (Figure 4B). For a
linear, homogeneous, isotropic material, the shear stiffness of a cylindrical specimen under torsional strain is
equal to that of each infinitesimally thin-walled hollow
cylinder.21 The imaginary rectangular element within
a thin-walled hollow cylinder (plane stress element) will
be subjected to pure shear strain, as pictured in Figure
4B(I). The element will be subjected to pure shear
strain, as pictured in Figure 4B(I), which results in a
conformational change of the circular boundary of the
unit cell (r ) R) into ellipsoidal one (depending on the
orientation of the GAG chain with respect to the plane
element), while the circular shape of the GAG surface
(r ) a) maintains its circular geometry (Figure 4B(IV)).
For example, the unit cell boundary will experience the
maximum of either stretch or compaction when its axis
lies along the principal directions of tension/compression. In the present study, we assumed that the probabilistic average of the free energy associated with the
conformational change of the randomly oriented unit cell
could be obtained from the case in which the unit cell
is perpendicular to the plane stress element.35 The shear
modulus of the plane stress element subjected to pure
shear strain will be identical to that of the cylindrical
material under torsional strain,17 which allows us to
compare the measured shear modulus of the cylindrical
specimen to the calculated modulus of the plane stress
element. For example, the plane stress element within
a hollow cylinder will be subjected to the normal strain
(γ/2 along the principal directions of normal stress
when the cylindrical specimen is under torsional strain,
γ (Figure 4B(II)).17
For a linear material under small deformation, the
stretch ratio, λ, can be defined in terms of the torsional
shear strain γ as

λ∼1+

γ
2

(2)
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Figure 5. (A) GAG surface (dotted circle) and a unit cell
boundary (solid circle). GAG fixed charges are confined within
the dotted circle, and mobile ions are confined between the
dotted and the solid circles. The PB equation can be represented over the domain (Ω) as w∇2Φ ) -Ff - Fm, and the
boundary condition at Γm is ∇Φ‚n ) 0, where n is the outward
unit vector normal to the surface. (B) The volume fixed charge
density within dotted circle of (A) is replaced by a surface
charge density at the GAG surface, Γf. The PB equation within
domain, Ωm, can now be expressed as w∇2Φ ) -Fm, and the
boundary condition at Γm is w∇Φ‚n ) -σ.

and the reciprocal of the stretch ratio, λ-1, represents
the compaction ratio. The deformed unit cell radius
becomes Rλ along the direction of maximum tension and
Rλ-1 along the direction of maximum compression. Our
objective is to compute the changes in electrical potential and mobile ion distribution within the deformed unit
cell of Figure 4B(IV) using the Poisson-Boltzmann
theory and to calculate the electrical contribution to the
shear modulus from the change in the electrostatic free
energy with respect to shear strain.
Poisson-Boltzmann (PB) Equation. The PB equation is based on the Poisson’s equation of electrostatics:

∇‚[w(r)∇Φ(r)] + F(r) ) 0

(3)

and the Boltzmann equation describing the distribution
of mobile ions in a dilute electrolyte solution containing
only the monovalent ions Na+ and Cl-:

C((r) ) C0 exp

(

)

-F Φ(r)
RT

(4)

where C0 is the concentration of Na+ and Cl- ions in
bath solution where Φ ) 0, F is the Faraday constant,
R is the gas constant, Φ(r) is the electrical potential,
F(r) is the charge density, w(r) is the dielectric permittivity of the solvent, r is the position vector, and activity
coefficients are assumed to be unity. The charge density,
F, is the sum of the fixed charge Ff of the macromolecules
and the mobile ions Fm(r) ) F (C+(r) - C-(r)). Insertion
of eq 4 into eq 3 gives the form of the PoissonBoltzmann equation

∇2Φ(r) )

-F -(Ff + Fm(r))
)
)
w
w
Ff
2F C0
F Φ(r)
sinh
(5)
w
RT
w

(

)

where w is assumed to be spatially invariant. In our
model, GAG fixed charge is represented by a surface
charge density at r ) a. Therefore, we replace the fixed
charge density, Ff, with a surface charge density, σ
(Figure 5), and the PB equation (eq 5) then takes the
form in the fluid phase Ωm,

∇2Φ(r) )

(

)

2F C0
F Φ(r)
sinh
w
RT

(6)

8334

Jin and Grodzinsky

Macromolecules, Vol. 34, No. 23, 2001

We use the notation Γm to indicate the outer boundary
of the unit cell in the undeformed and deformed state.
Henceforth, the PB equation will be considered only in
the fluid region, with boundary conditions needed at r
) a (Γf in Figure 5) and at Γm.
Force Equilibrium. In equilibrium, the momentum
balance within the fluid phase can be written as23

0 ) FmE - ∇Ps

(7)

sometimes used as a starting point in this derivation:25

g )

∑i Ci(r) ) R T(C+(r) + C-(r)) )
2R TC0 cosh

( )
F Φ(r)
RT

(8)

The ith component of eq 7 can then be written as (Fm )
∇ ‚(wE)):

( )

∂Ps
∂wEj
∂
Ei ) (Te - δijP) ) 0
∂xj
∂xi ∂xj ij

(9)

where the Maxwell stress tensor term, Teij, is defined
as24

Teij ) wEiEj -

w
δ EE
2 ij k k

(10)

Under isotropic compression of the tissue, the components of the electrical field become zero along the unit
cell boundary due to the symmetry, leading to Teij ) 0
at Γm. Therefore, at this boundary, the osmotic swelling
pressure, Ps(R), is the only force balancing the applied
external stress. However, the unit cell boundary becomes ellipsoidal in response to a pure shear deformation, inducing a nonzero electric field and a nonzero
Maxwell stress tensor component at this boundary.
Therefore, we used the energy method to compute the
contribution of electrostatic forces to the material shear
stress and the shear modulus.
Derivation of Electrostatic Free Energy. The
change in the shear modulus with ionic concentration
is presumed to be due to the electrical interactions only,
so the nonelectrical contribution to the shear modulus,
Gne, is assumed to be constant at all ionic concentrations. The electrostatic free energy, g , of the system of
Figure 4B is defined as25

g )
)

dΩ
∫Γ σΦ dΓ - ∫Ω (∆Π + E‚D
2 )
f

m

∫Γ σΦ dΓ - ∫Ω
f

[

m

(11)

( (FR ΦT) - 1) +

2R TC0 cosh

]

w
(∇Φ)2 dΩ (12)
2

where D is the electric displacement current density and
Π is the osmotic pressure. In eq 11, the first term
represents the electrostatic free energy associated with
charged GAG surface, the second term corresponds to
the osmotic swelling pressure of the unit cell with
respect to the reference bath, and the last term represents the electrical stored energy of the fluid phase. We
note that eq 11 can also be recast into a form including
electrostatic, entropic, and osmotic terms, which is

m

(13)

where ∆S is the entropy change. Using the electrostatic
free energy, the electrical contribution to the shear
stress, τe, induced by the shear deformation can be
calculated as

where E is the electric field intensity and Ps is the
osmotic swelling pressure defined as

Ps ) R T

+ T∆S - ∆Π) dΩ
∫Ω (E‚D
2

τe )

dg*
dγ

(14)

where γ and g * represent shear strain and the electrostatic free energy per unit volume, respectively.
Implementation of the Finite Element Method
(FEM) for the PB Equation. An analytical solution
of the nonlinear PB equation can only be obtained for
the cases of a one-dimensional geometry or a cylindrical
geometry in which the fluid contains only counterions.15
The analytical solution of eq 5 for our case of an
ellipsoidal domain does not exist, and therefore the
finite element method was used in this study. The
implementation of the finite element method is described in detail in the Appendix.
Results
Experiment. After each application of a ramp-andhold shear strain to final value of 1.5%, the resulting
shear stress showed an instantaneous peak stress
followed by a stress relaxation behavior (Figure 3A). The
equilibrium shear stress recorded after 10-30 min of
relaxation increased linearly with applied shear strain
at all ionic concentrations (Figure 6A). At each shear
strain, the equilibrium shear stress increased monotonically as the ionic concentration decreased. The equilibrium shear modulus, computed by the linear regression
from the stress-strain curves, decreased monotonically
with increasing NaCl concentration (Figure 6B). The
dynamic shear modulus measured at 0.8% strain and
0.5 Hz at each ionic concentration also decreased with
increasing NaCl concentration in a similar manner
(Figure 6B). The phase angle between the dynamic
shear stress and the shear strain decreased monotonically from 18° to 10° with decreasing NaCl concentration.
FEM Implementation. The PB equation was solved
over one quadrant of a unit cell using 20 × 20 linear
elements having a finer mesh near the cylindrical
surface (Figure 7). The normalized electrical potential
(F Φ/R T) was obtained by solving the PB equation,
using parameter values for GAG radius r ) 0.55 nm,
the intercharge distance b ) 0.64 nm from the literature,9 and a physiological GAG concentration of 6.6%
by wet weight (CGAG ) 6% at 0% compression).26 The
theoretical calculation of Figure 7 corresponds to a 6%
applied torsional shear deformation reflected on the unit
cell at 0.15 M ionic concentration. The electrical potential varied between -51.2 and -15.6 mV, lower near
the surface of the GAG chain, and increased quickly
away from the surface. The range of the electrical
potential shifted to more negative values at lower ionic
concentration: -116.2 to -78.8 at 0.01 M, -76.0 to
-38.9 at 0.05 M, -32.0 to -2.8 at 0.5 M, and -24.5 to
-0.6 mV at 1.0 M. At all ionic concentrations, the
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experimental results. At lower ionic concentrations, the
increase in the slope saturated more quickly than that
in the measurement. At 1.0 M ionic concentration, the
calculated equilibrium shear stress changed by only a
small amount during 6% shear deformation. The shear
modulus of cartilage tissue (Gtotal) can be assumed to
be from two parts: the electrical contribution to the
shear modulus, Ge, and the ionic strength-independent
or nonelectrical contribution to the shear modulus, Gne,

Gtotal ) Ge + Gne

Figure 6. (A) The equilibrium shear stress increased linearly
with the applied shear strain. At each strain, the equilibrium
shear stress increased monotonically as the ionic concentration
decreased. (B) The variation of dynamic shear modulus with
ionic concentration was similar to that of equilibrium shear
modulus, suggesting the important role of GAG electrostatic
interactions in the dynamic properties as well as the equilibrium properties of cartilage in shear. (C) The phase angle
between the dynamic shear stress and the applied strain
decreased with decreasing ionic concentrations.

potential was more negative near the compressed region
along the GAG surface (Figure 7, position b) and the
outer boundary of the unit cell (Figure 7, position a).
We note that isotropic compressive deformation of
cartilage uniformly decreases the outer radius, maintaining a circular shape. Such isotropic compression
would therefore not induce any gradient in electrical
potential along the GAG and unit cell boundary due to
symmetry. In contrast, shear deformation does induce
a gradient in potential along the GAG surface from “c”
to “d” and the outer boundary from “d” to “a”. This is
why, in the case of isotropic compression, the swelling
pressure at the unit cell boundary is the only force which
opposes the applied compression, while there is no
corresponding simple relation for the case of shear
deformation. Mobile ion distributions in the electrolyte
phase were calculated using eq 4 and the computed
electrical potential of Figure 7. At 0.15 M bath ionic
concentration, the counterion (Na+) concentration increased above 1.0 M near the GAG surface and the coion (Cl-) concentration decreased below 0.08 M (Figure
8).
Calculation of Shear Modulus at Different Ionic
Concentrations. Shear stress (τe) vs shear strain at
different ionic concentrations was calculated from eq 14
(Figure 9A). The calculated shear stress was linearly
proportional to the shear deformation, similar to the

(15)

Figure 9B shows the comparison of the measured shear
modulus (Gtotal) to the calculated electrical contribution
to the shear modulus (Ge), using two fitting parameters: the GAG concentration (CGAG) and ionic strengthindependent shear modulus (Gne). Using the algorithm
referred to as Broyden-Fletcher-Goldfarb-Shanno
(BFGS),27 a variant of conjugate gradient methods, the
fitting parameters were determined as CGAG ) 67.7 (
4.9 mg/mL and Gne ) 150.2 ( 24 kPa with a 68.3% ((1
standard deviation) confidence level, where the chisquare function (defined as the squared sum of the
difference between data and prediction divided by the
variances of data) was minimized. To test the goodnessof-fit of the model to the data, we calculated the
probability Q that a value of chi-square would be larger
than the minimized value by chance due to the variability of the measurement; Q is given by the incomplete
gamma function,27 Q ) Γ(N - 2/2, χ2/2), where N is the
number of data points. With the minimized chi-square
value, Q was calculated as 0.76; if Q is larger than 0.1,
then the goodness-of-fit is said to be believable.27
Discussion
The contribution of electrostatic interactions between
GAG molecules to the shear stiffness of cartilage was
studied by measuring tissue shear modulus under
torsional shear deformation at varying ionic concentrations. The observation that the shear modulus of
cartilage varies with ionic concentration suggests that
electrical interactions do, indeed, contribute to the
resistance to shear deformation. In general, such ionic
strength-dependent phenomenon could be described
over macroscopic length scales by Donnan equilibrium
theory or at molecular length scale by the PB equation.
However, a charged porous medium subjected to pure
shear deformation maintains a constant volume and,
hence, constant fixed charge density. Under these
conditions, the macroscopic Donnan theory predicts that
the Donnan osmotic swelling pressure is unaffected by
shear deformation. Therefore, we focused on the molecular-level interactions between GAG molecules represented by the PB theory, and we approximated the GAG
as a charged rod within the tissue matrix. The average
interaction between segments of GAG molecules under
shear deformation was represented as the simultaneous
stretch-and-compaction of the unit cell of GAG (Figure
4).
To verify whether this microstructural model of GAG
interactions can simulate the experimentally observed
dependence of equilibrium shear modulus on ionic
strength, we used the nonlinear Poisson-Boltzmann
equation and calculated the changes in the electrostatic
free energy caused by the deformation and changes in
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Figure 7. Mesh generation (left half) and the computed electrical potential (right half), F Φ/R T, from finite element analyses
are shown. The initial conditions were C0 ) 0.15 M, γ ) 6%, and CGAG ) 6.6%, the latter corresponding to CGAG ) 6% at 0%
compression. 400 (20 by 20) elements were generated in one quadrant of the unit cell (within a box), and finer meshes were
allocated near the GAG surface.

ionic strength. The electrical contribution to the equilibrium shear stress, τe, was calculated as a function of
shear strain and ionic strength using the energy method,
and the electrical contribution to the equilibrium shear
modulus, Ge, was obtained from the slope of the stressstrain curve. The predicted equilibrium shear modulus
agreed well with measurement using the fitted parameter values of CGAG ) 6.77% and Gne ) 150 kPa. The
measured GAG concentration in new-born calf femoropatellar groove cartilage has been reported previously
to be 5.6 ( 0.6% by wet weight.26 Considering the
measurement here was performed at 10% compressive
offset strain, the predicted value of CGAG is physiologically reasonable. The best fit value of Gne was found to
be 150 kPa, which is close to the value obtained by
extrapolating the measured equilibrium shear modulus
above 1.0 M concentration (Figure 3B). In addition, the
equilibrium shear modulus of cartilage measured after
enzymatic extraction of GAG was found independently
to be in the range between 100 and 150 kPa.28
The variation of dynamic shear modulus with ionic
concentration was similar to that of the equilibrium
shear modulus. This observation implies that electrostatic interactions between GAGs are also important
determinants of the dynamic shear modulus of cartilage.
Furthermore, the decrease in phase angle between
dynamic shear stress and strain toward zero degrees
upon decreasing the ionic concentration shows the
importance of elastic restoring forces that are inherent
to electrostatic interactions. It is interesting to note that
the dynamic shear modulus of our cartilage specimens
decreased with decreasing frequency. In a separate set
of experiments (data not shown), we observed that the

amplitude of the dynamic shear modulus reduced to that
of the equilibrium shear modulus at frequencies below
0.0001 Hz, which was measured at 0.15 M bath ionic
concentration.
The dynamic shear and compressive modulus of
cartilage have been reported previously by us and others
to be dependent on frequency.11,29 This has most often
been attributed to (1) the intrinsic viscoelastic properties
of the matrix macromolecules and (2) the frictional
interaction between fluid and solid phases, e.g., the
poroelastic deformations associated with fluid flow
through the water-filled matrix. Both such effects cause
the dynamic modulus to be greater than the equilibrium
modulus by an amount that varies with frequency. In
this study we have used torsional shear deformation
applied to the tissue as a whole where, for low deformation amplitude, the motions are essentially volume
conserving. As a result, torsional tissue shear deformation involves little or no macroscopic fluid flow with
respect to the solid network. (Both fluid and solid
elements deform together.) Thus, the measured frequency dependence of the shear modulus in our experiments is likely due to the intrinsic viscoelastic properties of macromolecular network of collagen and proteoglycans. For the case of volumetric (e.g., compressive)
deformation, which can induce significant levels of fluid
flow, both fluid-solid (poroelastic) interactions and ionic
strength-dependent viscous effects including the electroviscous effect may also be important.29,30
The electrical potential obtained by solving the PB
equation shifted to more negative values with decreasing ionic concentration. As the bath ionic concentration
decreases, there will be less counterions available to
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Figure 8. Concentrations of co- and counterions were calculated using the Boltzmann equation (eq 4) and the computed electrical
potential obtained in Figure 7.

shield the negative charges of GAG. However, at higher
ionic concentration, the electrical repulsion will be
shielded so that further shear deformation no longer
increases the repulsive force. This shielding effect
results in the saturation of the measured shear properties at higher ionic concentration (Figure 6), which is
also apparent in the theoretically predicted shear
behavior at 1.0 M ionic strength (Figure 9).
In this study, the electrostatic free energy was
obtained using the method of Sharp and Honig.25 This
free energy includes the chemical charging energy

associated with GAG fixed charge and the electrical and
osmotic energy of the mobile ion phases (e.g., eq 11).
These terms can be recast into the electrostatic, entropic, and osmotic terms. The validity of this definition
of the electrostatic free energy was independently tested
for our system for the case of isotropic compression of
the unit cell, by comparing the macroscopic stress
calculated using the energy method to the direct calculation of the total swelling pressure evaluated at the
unit cell boundary. The two different calculations gave
essentially same result.
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nonelectrical or ionic strength-independent contributions to the shear modulus.
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Appendix
The integral formulation of the PB equation is

∫Φ̃(∇2Φ - f(Φ)) dΩm ) 0

(16)

where f(Φ) ) (2F C0/w) sinh(F Φ/R T) and Φ̃ is virtual
electrical potential. The appropriate boundary conditions for the integral formulation are

Γf: ∇Φ‚n ) -

σ
Γm: ∇Φ‚n ) 0
w

Γf ∪ Γm ) Γ Γf ∩ Γm ) 0

(17)

where n is the outward unit vector normal to surface,
Γf and Γm. The variational form of eq 16 can be obtained
by applying Green’s theorem,

∫ Φ̃n‚∇Φ dΓf - ∫ (∇Φ̃∇Φ + Φ̃f(Φ)) dΩm ) 0
Figure 9. (A) Electrical contribution to the equilibrium shear
stress (τe) was calculated from eq 14. The following parameter
values were used for this calculation: a ) 0.55 nm, b ) 0.64
nm, CGAG ) 6.6%, and C0 ) 0.15 M. (B) Data represent the
measured shear modulus, determined from the stress vs strain
slopes of Figure 6A, as shown in Figure 6B. The electrical
contribution to shear modulus (Ge) was computed with two
fitting parameters, CGAG and Gne. CGAG and Gne were determined to be 67.7 ( 4.9 mg/mL and 150.2 ( 24 kPa, respectively, at which the chi-square value was minimized.

The contributions of electrical and nonelectrical interaction to the volumetric compressive deformation of
cartilage have been described previously.9,31 The nonelectrical contribution to the compressive stiffness can
be ascribed to the structural rigidity and elasticity of
matrix macromolecules, steric interactions, and the
entropic effect of the change in the number of possible
configurations of the GAG chains and other molecules.
This latter entropic term is called “entropic elasticity”6
under compressive deformation. Under physiological
ionic strength conditions, the entropic contribution of
GAG molecules to the compressive stiffness was estimated theoretically to be ∼10%.31 However, under
volume-conserving shear deformation, the contribution
of this entropic effect to the equilibrium shear modulus
will be minimal. Therefore, nonelectrical contributions
to the shear modulus are more likely associated with
the elastic properties of collagen fibrillar network and
other resident macromolecules and, possibly, steric
interactions at the molecular level.
In summary, the electrostatic interactions between
GAG molecules, immobilized within 3-D tissue network
subjected to shear deformation, have been modeled
using the PB unit cell model. The numerical FEM
solution of the PB equation allows the calculation of the
change in the electrostatic free energy due to shear or
isotropic compressive deformations and combinations of
these deformations. Further extensions of this constitutive model will be useful for describing the details of

(18)

The same shape function, P(r,s), is assumed for the
potential and the space (isoparametric FEM), which is
defined in a curvilinear coordinate (r,s),

ˆ}
Φ ) [P]{Φ̂} Φ̃ ) [P]{Φ̃
X ) [P]{X̂} Y ) [P]{Ŷ}

(19)

where (∧) represents the nodal value. For a linear
4-node rectangular element, P(r,s) becomes

1
P(r,s) ) [(1 + r)(1 + s) (1 - r)(1 + s) (1 - r)(1 - s)
4
(1 + r)(1 - s)] (20)
Equation 18 becomes the matrix equation for all the
nodal values, Φ̂, as unknown variables,32

[A][Φ̂] + [B(Φ̂)] + [C] ) [0]

(21)

where

Aij )

∫-11∫-11
Bi )

Ci )

(

)

∂Pi ∂Pj ∂Pi ∂Pj
+
det J dr ds
∂X ∂X
∂Y ∂Y

∫-11∫-11Pif(Φ)det J dr ds

∫-11Piσ ∆1 dr + ∫-11Pi σ ∆2 ds + ∫-11Pi σ ∆3 dr +
∫-11Piσ ∆4 ds

∆1 )

[( ) ( ) ]
[(∑ ) (∑ ) ]

∆2 )

∂Pi

Xi
∑
i)1 ∂r

∂Pi
Xi
i)1 ∂s

2

+

2

+

∂Pi

Yi
∑
i)1 ∂r

∂Pi
Yi
i)1 ∂s

2 1/2

along s ) -1

2 1/2

along r ) 1
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[(∑ ) (∑ ) ]

∆3 )

∆4 )

2

∂Pi
Xi
i)1 ∂r

∂Pi
Xi
i)1 ∂s

∂Pi
Yi
i)1 ∂r

+

2

+

∂Pi
Yi
i)1 ∂s
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2 1/2

along s ) 1

2 1/2

along r ) -1

and J is a Jacobian matrix, ∂(X,Y)/∂(r,s).
Because of the nonlinearity, eq 21 is solved through
an iterative scheme. Let a nonlinear operator F be
defined as

[F(Φ̂)] ) [A][Φ̂] + [B(Φ̂)] + [C]

(22)

Then the differential of F is expressed as

[∆F(Φ̂)] ) [A] + [∆B(Φ̂)]

(23)

Using Newton’s method for the iteration scheme,

[∆F(Φ̂)]n[∆Φ̂]n+1 ) -[F(Φ̂)]n

(24)

and the potential is updated as

[Φ̂]n+1 ) [Φ̂]n + [∆Φ̂]n+1

(25)

where subscript n means the nth iteration. The stopping
criterion for the iteration was when the change in Φ̂
was less than 0.1% for every nodal value. Because of
symmetry, one quadrant of the unit cell was digitized
as 20 × 20 elements (within the box in Figure 7).
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